
Thermal Profiles
Those who cannot remember the past are condemned to repeat it. - Santayana

Atmospheric thermal profiles, the subject of this essay, are characterized by their gradients or lapse
rates.  In his classic treatise, J.C. Maxwell writes1

“The second result of our theory relates to the thermal equilibrium of a vertical column. We find that if a
vertical column of a gas were left to itself; till by the conduction of heat it had attained a condition of
thermal equilibrium, the temperature would be the same throughout, or, in other words, gravity produces
no effect in making the bottom of the column hotter or colder than the top.

“This result is important in the theory of thermodynamics, for it proves that gravity has no influence in
altering the conditions of  thermal  equilibrium in any substance,  whether  gaseous or  not.  For if  two
vertical  columns of  different  substances  stand on the same perfectly  conducting horizontal  plate,  the
temperature of the bottom of each column will be the same; and if each column is in thermal equilibrium
of itself, the temperatures at all equal heights must be the same. In fact, if the temperatures of the tops of
the two columns were different, we might drive an engine with this difference of temperature, and the
refuse  heat  would  pass  down the  colder  column,  through the  conducting  plate,  and  up  the  warmer
column; and this would go on till all the heat was converted into work, contrary to the second law of
thermodynamics.” 

We define thermodynamic equilibrium as a state of maximum entropy and begin with a thermodynamic
proof that the isothermal profile for a fluid column of fixed mass and energy in a uniform gravitational
field is such a state.  Our solution starts with the isothermal profile and will show that an adiabatic
change to any other profile results in a decrease of entropy.  For this profile,

T ( z) = T 0

ρ(z ) = ρ1(z )  (1)

 For the target profile,
T ( z) = T 2(z )   ;  T 2(0) = T 0

ρ(z ) = ρ2( z)  (2)

Mass and total energy, gravitational plus thermal, must be conserved on adiabatic transformation to the
alternative profile:

Mass = ∫ρ( z)dz

Energy = g ∫ρ(z )zdz + ∫ρ( z)dz ∫
T 0

T ( z)

C P (T )dT
 (3)

CP(T) is the heat capacity at constant pressure per unit mass (Joules/kg/K) and is presumed independent
of density.  This choice also presumes a system  of fixed mass free to expand vertically.  As a zero
reference for energy and entropy calculations, we choose all mass at  T0 and z=0.  For our isothermal
profile,

E1 = g∫ρ1(z ) z dz

S 1 = ( g /T 0)∫ρ1( z) z dz
 (4)

1   Theory of Heat, J. Clerk Maxwell, Longmans, Green and Co., 1872, p.300. 
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We next find the entropy difference of the profiles by first isothermally changing the density of the
isothermal profile, ρ1( z) , to that of the target profile, ρ2(z ) .  The associated changes in energy and
entropy are

Δ Ea = g ∫(ρ2( z)−ρ1(z ))z dz

Δ S a = (g /T 0)∗∫(ρ2( z)−ρ1(z ))z dz = Δ Ea/T 0

 (5)

We then adjust the temperature profile to that of the target profile,

Δ Eb = ∫ρ2(z )dz ∫
T 0

T (z)

CP (T )dT

Δ S b = ∫ ρ2(z )dz ∫
T 0

T (z ) C P(T )dT

T

 (6)

Finally we combine these results with the adiabatic constraint
Δ Ea + Δ Eb = 0  (7)

to obtain

Δ S a + Δ S b = −∫ ρ2(z )dz ∫
T 0

T (z )

C P (T )[1T 0

−
1
T ]dT ≤ 0  (8)

Any adiabatic deviation from the isothermal profile will reduce total entropy per unit mass and the
isothermal profile is therefore that of maximum entropy.

Total entropy for the perturbed profile is
S 2 = S1 + Δ S a + Δ Sb  (9)

From Eqs 4, 5 and 6
d S1

d z
= g ρ1 z /T 0

d Δ S a

d z
= (g /T 0)(ρ2(z )−ρ1( z)) z

d Δ S b

d z
= C P ρ2(z ) ln(T (z )/T 0)

 (10)

hence
d S2/d z = ρ2( z)[ g z /T 0 + CP ln(T ( z)/T 0)]  (11)

This  derivative  is  important,  for  positive  values  are  a  necessary  condition  for  the  absence  of
convection.2  The isentropic or adiabatic profile, 

T (z )=T 0 e−g z /C P T0  (12)

is therefore a boundary condition for a convection-free system.  Climate science conventionally defines
the adiabatic lapse rate as g/CP  and a lapse rate linear in g/CP(z) .

2 Fluid Dynamics, “§4. The condition that convection is absent”, L.D. Landau and E.M. Lifshitz, Addison-Wesley (1959)
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For numerical illustration, we next consider two profiles for  ideal gases, one of uniform temperature,
the other of fixed lapse rate, κ.

Isothermal:  T 1(z ) = T 0

Linear:         T 2( z) = T 0 − κ z
 (13)

This  choice  offers  analytic  solutions  for  P(z)  and  ρ(z ) ,  although  implying  negative  absolute
temperatures at high altitudes.  Surface parameters for both profiles are T0 and P0 , ensuring both are of
common mass and surface density.  For the isothermal profile,  κ=0 ,

P2(z ) = P0 e−g z /RT0

ρ2(z ) = P1(z )/ RT 0

 (14)

otherwise,

P2(z ) = P0 (T 2(z )
T 0

)
g / κ R

ρ2(z ) = P2(z )/ RT 2(z )

 (15)

Parameters used for numerical calculations were:
g = 9.80665 # m/s2

R = 287.06 # J/kg/K
CP = 1003 # J/kg/K, dry air
P0 = 102890.0 # Pa = J/m3, surface pressure for both profiles
T0 = 285.0 # Isothermal temperature

V
alues for ΔS calculated from Eq. 8, assuming CP constant, are plotted in Fig. 1 and show, as Maxwell
asserted, an entropy maximum for the isothermal profile.
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Fig. 1 Entropy differences of linear and isothermal profiles.



Entropy gradients for a series of lapse rates calculated from Eq. 11 are plotted in Fig. 2.

The convection-free region lies above the abscissa.  The adiabatic lapse rate curve (6.0 K/km) separates
these regions at the surface, but within a kilometer veers into the convection zone.  No single curve can
be considered adiabatic throughout the troposphere and all eventually turn convective at sufficiently
high altitudes.  Equation 12 suggests we also examine exponential thermal profiles.
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Fig. 2: Entropy gradients for linear profiles.  The 6.00 plot corresponds to
a profile adiabatic at the surface (CP = 1634  J/kg/K).

Fig. 3 Entropy gradients for exponential profiles for CP = 1634  J/kg/K. 
The adiabatic curve corresponds to g/CP  = 6.00 K/km.



In this case,  Fig. 3,  we see a true isentropic profile for a given heat capacity.  Apart from isothermal
curves, however, all plots depict moot physical systems.  Non-isothermal systems are perforce non-
equilibria and require work from external sources to counter their relaxation towards equilibrium.  This
energy, dissipation, is provided by the free energy component of flux transiting the system.  All plots
are based on a single equilibrium material parameter, CP , implying an equilibrium convective flux of
zero watts. 

Formally, we seek a relationship between a flux,  J(z), and a potential,  T(z).  We have the options of
starting with T(z) and calculating a corresponding  J(z), or vice versa.  The former is the methodology
of the climate scientist and the rationale for our preceding analysis.  An initial profile is presumed
adiabatic and a function of equilibrium parameters, hypothetically descriptive of vigorous convective
stirring  sans  dissipation.  Given this thermal profile and the assumption of local Boltzmann infrared
equilibria, a flux of radiative energy is calculated.  This flux typically doubles on passing through the
troposphere with added energy abstracted from a (null?) convective flux.  The net result is a model in
which thermal gradients are independent of the fluxes passing through.

The  alternative  option  presumes  an  initial  flux,  J(z),  which  is  a  superposition  of  energy  fluxes
dependent on a variational function, T(z).  The latter is then solved by seeking a spatially independent
solution  for  J(z) which  minimizes  global  steady-state  dissipation.3   Qualitatively,  with  boundary
temperatures given, the internal temperature adjusts to minimize the difference in free energy flowing
into and out of the troposphere.

Why is dS/dz < 0 relevant?    Physically, we may visualize local regions of perturbed density rising or
sinking in a surrounding fluid.  For neutral buoyancy,  dS/dz = 0.   When dS/dz > 0,  buoyancy forces
oppose the perturbation,  returning it towards its  original state.   When  dS/dz < 0,  the perturbation
instead grows until limited by a viscous resistance..  Our interest, however, is not in proving convection
exists, but understanding the rate at which energy is being transported.

Current climate models are based on the concept of Radiative Convective Equilibrium.4  The origin of
the expression  'Convective Equilibrium' traces back to Wm. Thomson, later to become Lord Kelvin.5

“When all the parts of a fluid are freely interchanged and not subject to the influence of
radiation and conduction, the temperature of the fluid is said by the Author to be in a
state of convective equilibrium.”

In this paper, Kelvin calculates atmospheric gradients of 329ft/K (10.0K/km) for dry air and values for
wet  air  ranging  6.6 to  3.5K/km for  temperatures  0°C to  35°C.   Shortly  thereafter,  J.  C.  Maxwell
observed:1

“In this condition of what Sir William Thomson has called convective equilibrium of heat, it is
not  the  temperature  which  is  constant,  but  the  quantity  ϕ,  which  determines  the  adiabatic
curves.”

3 https://pdq2021.000webhostapp.com/HBC_Model.pdf
4 https://www.google.com/search?q=radiative+convective+equilibrium About 845,000 results.
5 "On the Convective Equilibrium of Temperature in the Atmosphere" by Professor Wm. Thomson, LL.D., P.K.S., &c, 

Manchester Phil. Soc. Proc. Vol. ii. 1860-1862, pp. 170-176 [Jan. 21, 1862];
      https://www.biodiversitylibrary.org/item/39422#page/178
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Indeed,  if  equilibrium is  to  be  identified  as  the  configuration  of  maximum entropy,  it  is  not  the
derivative of local entropy per unit mass, S(z), which vanishes, but the derivative of its volume integral.
The  thermodynamic  condition  that  convection  be  absent  is  that  entropy  increase  with  altitude
dS /dz > 0 .2  The adiabatic lapse rate,  dS /dz = 0 , corresponds to a threshold for convection, while
finite convective fluxes entail negative entropy gradients

Textbook derivations typically imagine a parcel embedded in a fluid from which it is adiabatically
insulated  but  in  neutral  buoyancy,  with  no  favored  direction  of  motion.   its  volume  and  density
changing  as  it  rises  or  falls.   At  the  adiabatic  lapse  rate,  it  remains  in  neutral  buoyancy  while
exchanging no thermal energy with its surroundings.  Its rate of rise or fall will be limited by a viscous
impedance and fluxes dependent on both this resistance and the energy content of the parcel.  While
this might seen a plausible model for a weather balloon, it is not obvious how it might describe a parcel
embedded in an ensemble of like parcels, some rising some descending.  In mathematical descriptions
of free convection, fluxes depend on both kinematic viscosity and heat capacity (Prandtl numbers).6

Over  the  intervening 160 years,  Kelvin's  original  description  of  the  atmosphere  as  an  equilibrium
system with a thermal gradient fixed by the adiabatic lapse rate persists, now modified by a radiative
flux and relabeled Radiative Convective Equilibrium.  Most puzzling, why?  Temperature is a wholly
thermodynamic  concept.  The  atmosphere  is  dissipative  and  certainly  not  in  thermodynamic
equilibrium.  Roughly a quarter of its energy flux is dissipated on transit through the troposphere.   The
adiabatic lapse rate implies a null value for convection, yet convection is the dominant energy flux in
the  lower  troposphere.   Maxwell's  perpetuum mobile argument  has  stood  the  test  of  time  among
physical scientists.7  although originally questioned by Loschmidt on the grounds that perpetual motion
of the second kind had not been proved impossible.8  Yet  today,  it  remains  a  challenge finding a
professed climate scientist who does not believe a hypothetical atmosphere of pure nitrogen would
exhibit a thermal gradient determined by its heat capacity.

Mathematically, the difference lies in  Eqs. 8 and  11.  Both involve identical system variables.  The
former deals with an integration of entropy density, the latter with its differentiation.   A maximum
value for the former, alas, does not imply a null value for the latter.  It is a common misconception that
the Boltzmann distribution can define local temperatures in terms of kinetic energies should gradients
exist.  Unfortunately, this distribution applies only to isothermal systems of maximum entropy and is
only  appropriate  for  first-order  perturbations  thereof.   Why,  in  any  case,  it  should  also  describe
populations for rotational and vibrational levels in non-equilibria remains moot.  Temperature is best
understood  as  a  mathematical  function  rendering  a  differential  equation  exact  and  steady-state
properties of  thermodynamic variables path-independent and reproducible.  Temperature at any point
is a function of its values at all points.
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6 “Fluid Dynamics, §56 Free convection”, L.D. Landau and E.M. Lifshitz, Addison-Wesley (1959)
7   “On the Dynamical Theory of Gases”,  J. Clerk Maxwell,  Philosophical Transactions of the Royal Society of London,
     Vol. 157 (1867), pp. 49- 88; https://www.jstor.org/stable/pdf/108968.pdf ; “Final Equilibrium of Temperature”, pp. 86-87
8 “Tales of Thermodynamics and Obscure Applications of the Second Law”, Wolfgang Dreyer, Wolfgang H. Müller and 
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